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E-mail address: skk@mail.utexas.edu (S. KyriakideThis study examines the effect of randomness of the cellular microstructure on the calculated compres-
sive response of a class of open-cell aluminum alloy foams. The foams are modeled using realistic random
soap froth with N3 cells generated using the Surface Evolver software. The ligaments are made straight
but with non-uniform cross sectional area distributions that mimic those of the physical foams. The mod-
els are also assigned the density and anisotropy measured. The ligaments are modeled as shear deform-
able beams with the elasto-plastic material behavior of the Al-alloy. The microstructure is discretized
with ﬁnite elements using LS-DYNA, which allows for beam-to-beam contact on the outer surface of
the ligaments. 103 cell domains compressed between rigid planes are shown to reproduce the measured
compressive responses in both the rise and transverse directions. This includes the complete response
from the initial elastic regime, through ‘‘yielding,’’ the extended stress plateau, to densiﬁcation. More
importantly, localized bands of crushed cells that develop and gradually spread throughout the domain
resemble closely experimental observations made using X-ray tomography. This is a major improvement
over previous models that idealized monodispersed foams as periodic Kelvin cells, and should allow
modeling of polydisperse foams. The contact algorithm, friction between ligaments, and generally the
discretization play crucial roles in the accuracy of the calculation as well as their numerical stability.
 2012 Elsevier Ltd. All rights reserved.1. Introduction the rise direction. The ligaments of the PU foams had the character-Open-cell solid foams consist of randomly packed polyhedral
cells that result from the foaming process. In the case of nearly
monodisperse foams, the polyhedra have anywhere from 11 to
17 faces (Matzke, 1946) and the material is concentrated in nearly
straight edges and in nodes where usually four edges meet. This
microstructure is responsible for the unique mechanical, thermal,
acoustical and other properties of such foams (e.g., see Hilyard
and Cunningham, 1994; Gibson and Ashby, 1997; Weaire and
Hutzler, 1999; Ashby et al., 2000). A main objective of the research
community has been to connect the foam microstructure to
these properties. Our previous studies reported details about the
microstructures of two families of open cell foams: (a) polyester
urethane (PU—Gong et al., 2005a; Jang et al., 2008) and (b) alumi-
num alloy foams (Al—Jang et al., 2008; Jang and Kyriakides, 2009a).
Each study examined foams of different cell sizes but relative
densities of the same order of magnitude, 2.1–2.8% for PU and
about 8.0% for Al. Both families had random microstructures with
small variation in cell sizes (essentially monodisperse). All foams
analyzed exhibited some anisotropy with their cells elongated inll rights reserved.
er for Mechanics of Solids,
iversity of Texas at Austin,
s).istic three-cusp hypocycloid—Plateau border—cross sections while
those of the Al foams had convex cross sections that were some-
where between triangular and circular in shape.
The mechanical properties in the rise and transverse directions
were measured using compression experiments on blocks of
appropriate sizes for both families of foams (Gong and Kyriakides,
2005; Jang and Kyriakides, 2009a). The experiments involved mea-
surement of the initial elastic properties, the onset of ‘‘yielding,’’
and the complete crushing response. A signiﬁcant degree of suc-
cess in reproducing all mechanical properties was reported for
both foam families using models that idealized the microstructure
as consisting of 14-sided regular cells of Kelvin (Thompson, 1887;
see Warren and Kraynik, 1997; Zhu et al., 1997; Laroussi et al.,
2002; Gong et al., 2005a,b; Gong and Kyriakides, 2005; Jang and
Kyriakides, 2009b). Essential components of these models were
the introduction of the correct anisotropy, ligament geometry
and actual mechanical properties of the base material into the peri-
odic microstructures. Despite this success, Kelvin cell models have
some disadvantages: they are only applicable to monodisperse
foams and, even then, they result in crushing patterns involving
localized deformation bands that initiate and evolve differently
from those of actual foams (see Fig. 9, Jang and Kyriakides,
2009b). Alternative efforts on crushing of foam include works by
Luxner et al. (2007), Mills (2007), Duchamp et al. (2009) among
others.
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ered random soap froth microstructures generated using the Sur-
face Evolver software (Brakke, 1992). The skeletal microstructure
obtained from this process is ﬁrst ‘‘stretched’’ in one direction
introducing the anisotropy of the foams tested, and the ligaments
are then ‘‘dressed’’ with appropriate distributions of solid to match
that of the actual foams as well as their relative density. Such ran-
dom foam models were used to establish the elastic properties
(Jang et al., 2008  JKK08) and subsequently the strength of the
Al foams (Jang et al., 2010  JKK10). These calculations were lim-
ited to moderate deformations of the cells, before ligament contact
became prevalent.
The present study extends our previous work by introducing
numerical models capable of simulating the complete crushing
behavior of open-cell foams starting with the initial elastic re-
sponse followed by ‘‘yielding,’’ localization of crushing, its spread-
ing through the domain, and densiﬁcation. As in our previous
models, the size of such calculations dictate that ligaments be
modeled as shear deformable beams with variable cross sections.
An important innovation built into the new algorithms is the actual
modeling of contact between the ligaments of the collapsing cells;
the randomness of the present microstructure does not allow the
use of ABAQUS’ SPRINGA that was adopted in our simulations of
crushing of Kelvin cell models.2. Background
2.1. Geometry of metal foams
The foams that will be modeled are the Al-6101-T6 ERG
Duocel open-cell foams analyzed in JKK08. A typical image of
the microstructure of such a foam generated using computed
X-ray tomography is shown in Fig. 1 (slice shown 2 mm thick).
The random microstructure consists of polyhedra cells of nearly
uniform size of approximately 40 ppi (pores per inch). They are
manufactured by using essentially monodisperse polymeric foams
as templates to generate molds in which Al alloy is cast. Conse-
quently, they have the same distribution of random polyhedra
and polygonal sides as polymeric and more generally liquid foams.Fig. 1. Computed tomography image of a slice of a 40 ppi Al foam (q⁄/q  7.5%).For the same reason the cells are somewhat elongated in the rise
direction of the foam (x1 direction of the image in Fig. 1). For this
particular foam the elongated dimension is on average about
1.18 times the cell dimensions in the transverse plane and this
ratio is deﬁned as the anisotropy (k). The individual ligaments of
the cells are nearly linear and have length distributions that follow
that of the statistical sample shown in Fig. 10 of JKK08. The
ligament cross sections are close to circular (see Fig. 11 of JKK08)
but the area varies along the length again in the manner reported
in Figs. 14 and 15 of the same reference. These measurements will
form the basis of the modeling of the numerically generated foams
that follows.
2.2. Measured crushing responses
Jang and Kyriakides (2009a) (JK09a) reported results from
crushing experiments 2.03 in (513 mm) specimens from foams of
three cell sizes, {10,20,40} ppi. Fig. 2 shows a typical rise direction
compressive stress– (r11 = force/undeformed area) displacement
(d1/H1) response of such a foam. It consists of a nearly linear elastic
regime with modulus E⁄ that terminates into a limit load (rI).
Localized crushing of cells then commences which is subsequently
arrested by contact between the walls of the crushed cells. Neigh-
boring cells that have been destabilized in the process start in turn
to collapse and in this manner crushing spreads throughout the
specimen. Most cells crush while the load remains essentially un-
changed. The level of the extended stress plateau is designated as
rP and its extent is DeP. Beyond an average strain of 50–55%, the
response becomes stable again with a second stiffening branch
(densiﬁcation).
The evolution of crushing inside the specimens was monitored
using X-ray tomography. Crushing initiates in an area of weakness
and develops into a band with mostly horizontal orientation but
with a three-dimensional relief. Most of the crushing develops
from broadening of the initial bands but secondary crushing bands
do also develop until the whole specimen is consumed (see image
sequences in Figs. 10–13 in JK09a). The behavior in the transverse
direction is similar but the recorded response is somewhat lower
(see Fig. 23 in JK09a). Numerical values of the key variables of
{E⁄,rI,rP,Dep} are given in Tables 2 and 3 of the same paper.
2.3. Numerical generation of random foams
The foams analyzed in this study are random soap froth micro-
structures generated using Brakke’s Surface Evolver (1992)
(Kraynik et al., 2003). Brieﬂy, the numerical procedure starts with0
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Fig. 2. Typical compressive response of an Al alloy open-cell foam (crushing in rise
direction).
Fig. 3. (a) Skeletal drawing of cells extracted from a random foam model. (b) Same
cells after anisotropy of k = 1.2 is applied by afﬁne stretching in the vertical
direction.
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from randomly packed monodisperse hard spheres using molecu-
lar dynamics. Each Voronoi cell consists of all points that lie closest
to a random seed, i.e., the center of each sphere. The Voronoi
structure is then used as an initial condition in the Surface Evolver
to generate a ‘‘dry’’ foam in which the liquid volume fraction is
zero and the ﬁlms can be modeled as two-dimensional surfaces.
The software minimizes energy and balances mechanical forces
by satisfying Plateau’s laws: (I) the faces of cells are surfaces of
constant mean curvature; (II) three faces meet at equal dihedral
angles of 120; and (III) four edges meet at the tetrahedral angle
cos1(1/3)  109.47. For monodisperse foam the additional
constraint that all cells have the same volume is also applied.
The relaxation process requires a large number of topological tran-
sitions that involve cell-neighbor switching. Since the solution is a
local energy minimum, the surface area can be further reduced by
subjecting the foam to large-deformation tension–compression
cycles that provoke additional neighbor switching (annealing).
The resulting structures are in very good agreement with Matzke’s
experimental study (1946) of monodisperse soap froth regarding
types of polyhedra, distribution of polygonal sides, and ligament
length distribution (see Kraynik, 2003, 2006; Kraynik et al., 2003,
2004, 2005). The models used in this study start as skeletal ver-
sions of such random microstructures formed by joining the cell
vertices with straight lines.
3. Modeling of random foams
3.1. Geometry of model foams
Cubical spatially periodic random soap froths of several sizes
(N3) were generated using the procedure described in Section 2.3.
A cluster of cells extracted from one of the soap froths generated,
shown in Fig. 3a, illustrates the randomness of the microstructure
as well as its essentially monodisperse nature. Anisotropy is
introduced to the models by elongating ligaments with a projec-
tion in the x1-direction an amount that ampliﬁes this projection
by a factor k while the projections in the x2- and x3-directions
retain their original lengths. For the calculations reported here,
k = 1.20 was adopted as it corresponds to the average value of
the anisotropies measured in the three blocks of foams used in
this study. Fig. 3b shows the same cluster of cells after this
stretching process.
The periodicity of the models is removed. The model will even-
tually be crushed with the top and bottom surfaces constrained to
remain plane and ﬁxed in the plane (akin to being bonded to a
plate as was the case in the experiments—see Section 3 in JK09a).
To facilitate this, ligaments in the top and bottom surfaces are
cropped so that their ends become co-planar. These ends are sub-
sequently ﬁxed in their respective planes. Fig. 4a shows a 3-D ren-
dering of a 103 cells soap froth before applying the anisotropy or
cropping of ligaments in the top and bottom surfaces. Fig. 4b
shows an x1–x2 view of the same model after application of the af-
ﬁne deformation in the x1-direction and after cropping. Plates are
placed at the top and bottom surfaces for visualization purposes.
The ligaments are subsequently ‘‘dressed’’ with shear deform-
able beams with circular cross sections (as in JKK10; see also dis-
cussion in Sections 4.1 and 5.2 in JKK08). The cross sectional area
varies along the length in accordance with the following empirical
relationship developed from measurements in JKK08:
AðnÞ ¼ Aof ðnÞ ¼ Aoð36n4 þ n2 þ 1Þ; n ¼ x=‘: ð1Þ
Ao in turn varies with the ligament length as follows:
AoðgÞ ¼ AogðgÞ ¼ Aoð0:6633þ 0:2648g2:5963Þ; g ¼ ‘=‘ ð2Þwhere Ao and ‘ are the average values of the measurements for each
foam. Their values and standard deviations, RAo and R‘ are listed in
Table 1 of JK09a along with other basic geometric characteristics of
the three foams analyzed.
Modeling ligaments as beams leads to an overlap of material at
the nodes. This extra material affects the calculation of the density
of the model foam and must be corrected for. Following JKK08, the
overlap material is removed by cutting the ends of the beams. The
corrected relative density is then expressed as
q
q
¼ k Ro
‘
 n
; ð3Þ
where Ro is the radius of the ligament at mid-span, and ‘ is its
length. k and n depend on the anisotropy which for the present va-
lue of k = 1.20 take the values of 1.8985 and 1.7189 respectively.
For the models developed for the present study the relative
density was ﬁxed at 8.0%. For this density, Ro is evaluated from
Eq. (3) using the average length of all ligaments in the stretched
soap froth, ‘. Subsequently, the lengths are placed into two groups:
group 1 includes all ligaments that are shorter than ‘, and group 2
includes the ligaments that are longer than ‘. The average length of
each group is designated as ‘1 and ‘2. The two average lengths are
then used in Eq. (2) to establish corresponding values for
Fig. 4. (a) 3-D rendering of a random soap froth with 103 cells. (b) Front (x1–x2) view of the same model after anisotropy is applied, ligaments are cropped and rigid plates are
placed on top and bottom surfaces. (c) Front view of a foam slice; ligaments are now dressed with beam elements.
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on the foam density is neglected.3.2. Discretization and FE modeling
The ligaments are discretized with in the LS-DYNA (2006) code
using the Hughes-Liu beam element (1981) that is derived from
the isoparametric 8-node solid element. The element allows for ﬁ-
nite deformations of the beam axis, ﬁnite rotations of its normals
as well as transverse shear deformations. In addition, a reference
surface located at an offset location facilitates contact on the outer
surface of the beam, a key characteristic for the present problem.
The element generates a constant moment along the length, which
in the present problem implies that each ligament must be mod-
eled with a sufﬁcient number of elements.The discretization was inﬂuenced by the order of the element,
the need to represent adequately the nonuniformity of the cross
sectional area, and by issues related to ligament contact. Conver-
gence studies resulted in the following discretization scheme.
The ligaments in the ﬁrst (‘ < ‘) group are discretized using 7 ele-
ments while those in the second (‘P ‘) with 9 elements. All ele-
ments have a uniform circular cross sectional area based on the
following:
AðnÞ ¼ Aoj‘a f ðnÞj‘a ; a ¼ 1;2 ð4Þ
where Aoj‘a are the two cross sectional areas established as de-
scribed in the previous section. The values of f ðnÞj‘a for the two
groups of ligaments are given in Table 1. Fig. 5 shows 3D renderings
of representative ligaments from each of the two groups (Figs. 5a
and 5b are respectively based on the average lengths ‘1 and ‘2).
Table 1
Cross sectional area of beam elements for the two ligament groups.
n f ðnÞj
‘1
f ðnÞj
‘2
0.18  n  0.18 1.0 1.0
0.18 < |n|  0.34 1.2425 –
0.18 < |n|  0.26 – 1.0
0.26 < |n|  0.34 – 1.3925
0.34 < |n|  0.42 1.9122 1.9122
0.42 < |n|  0.5 2.8484 2.8484
Fig. 5. FE mesh and cross sectional area distribution of a ligament with (a) ‘ < ‘ and
(b) ‘  ‘.
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through which local collapse is arrested enabling the spreading
of crushing to neighboring and other cells. Consequently, the mod-
eling of contact plays a crucial role in the ability of the model to
reproduce the stress plateau and the second hardening regime
associated with densiﬁcation observed in experiments (e.g.,
Fig. 2). An important improvement of the present effort over our
previous ones is the more representative modeling of contact that
is facilitated by the general automatic contact algorithm of LS-
DYNA. The algorithm generates a circular cylindrical contact sur-
face for every element, which corresponds to our circular cross
sections.
A standard penalty formulation is used with an interface stiff-
ness chosen to be of the same order of magnitude as the stiffness
of the contacting elements. At every step of the analysis penetra-
tions are investigated along the length of each element by ﬁnding
the intersection point between nearby beam elements and check-
ing to see if their outer surfaces overlap. If they do, the contact
force is computed and is applied to the nodal points of the interact-
ing elements.
As noted above, the use of beam elements leads to excess
material at the nodes. This excess material was corrected for the
calculation of the density of the model but the overlaps remain in
the numerical model. The overlapping material causes local non-
physical contacts that lead to numerical instabilities. This issuewas resolved by excluding the two elements adjacent to the nodes
from developing contact.
Friction between contacting ligaments was also found to play
an important stabilizing role to the numerical solution. Coulomb
friction with a coefﬁcient of 0.4 was thus included in the contact
deﬁnition. Friction prevents ‘‘dynamic’’ sliding between ligaments
especially when the compressive force increases during the densi-
ﬁcation regime.
Finally, the foam Al alloy is treated as an elastic–plastic solid as-
signed the stress–strain properties measured in an independent
tensile test and reported in Fig. 2 of Jang and Kyriakides (2009b)
(JK09b; true stress–logarithmic strain version of the one shown
in the ﬁgure—Ramberg–Osgood ﬁt of the engineering stress–strain
response E = 104 ksi (69 GPa), ry = 28 ksi (193 MPa), n = 48).4. Numerical results
The performance of the modeling framework outlined above is
now evaluated using results from a quasi-static numerical simula-
tion of crushing of a 103 cell model. The model has a relative den-
sity of 8.0% and an anisotropy of k = 1.20, both representing
average values of the specimens tested in JK09a. An x1–x2 view of
a slice of this model is included in Fig. 4c. The image shows the lig-
aments dressed up as solid beams with variable cross sections.
Plates have been added to the top and bottom surfaces to help
visualization of the model. The actual boundary conditions are that
all nodes that intersect these two planes in the undeformed conﬁg-
uration are ﬁxed to the planes (as was the case in the experi-
ments—see Section 3 in JK09a). The bottom plate is also ﬁxed in
space while the top is displaced incrementally downward gradu-
ally compressing and crushing the model. LS-DYNA is an explicit
code and thus care must be taken when deforming solids quasi-
statically to ensure that inertia effects do not inﬂuence the
response. This was achieved by selecting the rate of the applied
displacement increment so that the kinetic energy remained very
small compared to the internal energy. For the results that follow,
the internal energy is several orders of magnitude larger than the
kinetic energy at every step of the simulation. A model of this size
ends up with approximately 87,250 elements and more than
500,000 degrees of freedom. This, plus the incremental solution
procedure that is followed translate into a requirement for signif-
icant computational resources for a complete crushing response.
Figs. 6–9 show results for crushing the model in the rise direc-
tion (x1). The calculated engineering stress-normalized shortening
(r11  d1/H1) response is shown in Fig. 6 where H1 is the initial
height of the model. Fig. 7 shows a set of representative deformed
conﬁgurations of a slice of the model corresponding to the num-
bered bullets marked on the response. The slice was extracted from
nearly the center of the domain and for clarity is only 0.15H2 thick
(similar to X-ray tomography images of slices that showed the evo-
lution of crushing of 23 in specimens in Fig. 10 of JK09a). The initial
conﬁguration ( ) clearly shows the cropping of the top and bottom
surfaces while on the sides ligaments with free ends are seen.
The response exhibits the same general characteristics as those
seen in physical crushing experiments (e.g., compare with Fig. 2). It
exhibits an initial elastic response with a modulus of E1=E ¼ 1:1%,
a value that is somewhat higher than corresponding measured val-
ues in Table 2 of JKK10. The present model was developed for best
performance in the prediction of the overall crushing response
where contact is a main challenge. Consequently the discretization
and type of element adopted were guided by this objective. Previ-
ous models developed in an implicit code yield somewhat more
accurate values of the elastic modulus.
As the stress increases, some plastic deformation sets in leading
to a gradual degradation of the modulus and eventually to the
Fig. 7. Sequence of deformed conﬁgurations corresponding to points –v marked on the response shown in Fig. 6.
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Fig. 6. Calculated compressive response in the rise direction of a model with 103 cells.
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detail in JKK10. The maximum stress attained, deﬁned as the initi-
ation stress of the foam, is rI1 = 446 psi (3.08 MPa) a value that
compares well with corresponding experimental results and pre-
dictions from the random model of JKK10 developed in ABAQUS
standard.
Up to this point, cell and ligament deformation was distributed
throughout the domain. Following the load maximum, deforma-
tion starts to localize at the ‘‘weakest’’ sites. To illustrate this point
we include in Fig. 8 four zoomed-in deformed conﬁguration of the
zone marked with a red box in the undeformed full image of theslice in Fig. 7. The locations of these images are marked on the ini-
tial response that is plotted expanded in the inset. Image corre-
sponds to the load maximum and the other three to progressively
larger values of d1 during the load drop that follows the maximum.
In image , ligaments in the circled area are seen to have bent vis-
ibly, collapsing at least one cell. In image a bit later, the local
deformation has spread to neighboring cells and in image the lig-
aments of several of the affected cells have come into contact.
At a somewhat larger value of d1, the localized collapse has
evolved into a band that spans essentially the width of the domain
as shown in image r in Fig. 7. This band has a slightly negative
Fig. 8. Sequence of deformed conﬁgurations showing evolution of localized cell collapse following the stress maximum corresponding to numbered bullets on inset in Fig. 6
(expanded views of zone in red box in Fig. 7).
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effort to investigate how the band evolves across the domain, Fig. 9
compares images from nearly the front (I-1), the middle (I-2) and
the back (I-3) of the domain at a point somewhat after conﬁgura-
tionr at d1/H1 = 10.8% (approximate locations shown in accompa-
nying ﬁgure). The central band of collapsed cells in I-2 has
broadened and became more horizontal. In image I-3 near the back
of the domain, the band is at a higher location, it is nearly horizon-
tal on the left but has an upward orientation on the right. In image
I-1 closer to the front of the domain, the band is somewhat lower
than in the center, is nearly horizontal on the left and has an up-
ward inclination on the right. In other words the crushing band
has a 3-D relief that follows local weaknesses in the microstruc-
ture. This conclusion is in agreement with the experimental obser-
vation of JK09a (e.g., Fig. 13) albeit made in a larger specimen.
Returning to the global response in Figs. 6 and 7, in conﬁgura-
tions at d1/H1 = 19.7% the crushing has spread mainly downwards
and covers approximately 25% of the height while the stress has re-
mained essentially unchanged. In conﬁgurationt at d1/H1 = 27.1%,
the crushing zone has moved further down and also started con-
suming cells from the upper third of the domain. This deformation
took place while the stress remained again nearly unchanged. As
the crushing band spreads, it occasionally encounters stiffer and
stronger cells that require higher stress to collapse. Such encoun-
ters are responsible for the stress undulations on the response.
The smaller the domain or specimen the more pronounced the
undulations tend to be. In crushing experiments involving rela-
tively large number of cells, the amplitude of such undulations de-
creases and the response appears smoother. By contrast, for
coarser cellular materials of ﬁnite size the undulations are more
pronounced. If the microstructure is also regular, like the circular
honeycomb of Papka and Kyriakides (1998), then the undulations
also have well deﬁned periods and amplitudes.
In conﬁgurationu at d1/H1 = 35.6%, the band has moved in both
directions and consumes more than two thirds of the domain. Itsfronts now engage cells that are adjacent to the cells and ligaments
that are ﬁxed to the ‘‘end plates’’ making them stiffer and stronger,
thus crushing them requires additional effort, which is reﬂected in
the upswing of the response. Initially the increase in stress is small
but continues to pick up as the last rows of cells next to the bound-
aries are crushed as seen in conﬁguration v at d1/H1 = 46%. The
material has now densiﬁed and continued compression requires
increasingly higher stress. During the subsequent part of the re-
sponse, remaining hard zones are collapsed and partially collapsed
zones become more compacted.
Overall, the cell crushing resembles very closely what was ob-
served using X-ray tomography in the experiments of JK09a. This,
of course, is the main improvement over Kelvin cell models affor-
ded by analyzing a more realistic random microstructure. As re-
ported in JK09a, the measured overall crushing responses from
the three foams analyzed exhibited some variations. The three
foams with 10, 20 and 40 ppi cell sizes were supplied in blocks
of 4 	 12 	 14.5 in (102 	 305 	 368 mm). The respective average
relative densities of the blocks were 8.23%, 7.50% and 7.54% and the
average anisotropies 1.27, 1.24 and 1.18 (Table 1 of JK09a). Four-
inch tall specimens with a 2 in square base were extracted from
the blocks by wire EDM and then cut in half producing the 2 in
cube (51 mm cube) specimens. Measurements performed on the
individual specimens showed that both the density and anisotropy
varied within each block and even within each specimen. Further-
more, variations of both variables were observed to occur through
the height of the block. An additional complication, reported in
JKK08, is that dispersed throughout the foams were cells with
small closed faces. These occurred at sites where in the polymeric
foam templates small quadrilateral faces existed (see Fig. 8 of ref-
erence). The collective effect of these factors is the observed varia-
tion in the mechanical properties. This variation was also
responsible for our decision to adopt in the models a relative den-
sity of 8.0% and an anisotropy of 1.2, values that approximately
represent the averages of all foams considered. Thus, the numerical
Fig. 9. Deformed conﬁgurations of model slices from near the front, middle and back of the domain at d1/H1 = 10.8%.
2740 S. Gaitanaros et al. / International Journal of Solids and Structures 49 (2012) 2733–2743model rather than being representative of a particular specimen it
represents the whole set. With this in mind, the calculated crush-
ing response is compared in Fig. 10 with two measured responses
that approximately bound the experimental results. The calculated
response has all the features of the experimental ones while being
closer to the response from specimen R10-3. In addition, the model
produced a slightly less stiff response than the experiments ataverage strains higher than 60%. Considering the differences be-
tween the foams tested and the idealizations introduced in the ran-
dom foam model, the comparison is deemed as being very
complementary.
The random nature of the microstructure of the soap froth mod-
els, generated using the Surface Evolver software, implies that no
two models are the same. Consequently, some difference in the
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size, dressed in the same manner, and assigned the same density
and anisotropy. Fig. 11 compares the calculated response from
two 103 cell models: model I is the one presented this far and mod-
el II is a second one. The general trend of the two responses is very
similar with the elastic modulus, the initiation stress, the plateau
stress and its extent having similar values. The observed difference
is due to microstructural differences that lead to different evolu-
tion of crushing. The extent of the difference in such responses is
expected to decrease as the size of the domain increases.
In JKK10 it was pointed out that the initiation stress calculated
with their random foam models was inﬂuenced by the size of the
domain considered. Sensitivity of the crushing response calculated
with the present model to the domain size was examined using
models with 63, 83, 103 and 123 cells. The models were dressed
with beam elements in the same manner, were assigned the same
density and anisotropy, and had the same numerical parameters.
The four calculated responses are compared in Fig. 12. Clearly,
the response is sensitive to the domain size as a distinct upward
shift is observed in going from the 63 to the 83 domain. A smaller
increase occurs when the domain is increased to 103 cells and an
apparent convergence is observed between the 103 and 123 cell do-
mains. This size effect has been observed before and is attributed
to the effect of the free lateral sides of the model. The convergence
observed in Fig. 12 led us to adopt the 103 cell size model as appro-
priate for the simulations performed.The experiments of JK09a included crushing results in the trans-
verse direction for the same three Al alloy foams. Accordingly, the
same 103 cell foammodel was used to simulate these experiments.
The model was assigned the same density and anisotropy but now
two lateral sides were appropriately cropped instead so that their
ends could become co-planar (see conﬁguration in Fig. 14). These
ends were ﬁxed to their planes and one plane was ﬁxed in space
while the second was incrementally moved compressing the do-
main. A calculated stress–displacement (r22  d2/H2) response
from such a simulation is shown in Fig. 13 and a set of correspond-
ing deformed conﬁgurations in Fig. 14. The crushing response is
similar to that in the rise direction in Fig. 6 but is generally lower
reproducing the difference observed in the experiments (see com-
parison in Fig. 23 of JK09a). It exhibits an initial load maximum, an
extended stress plateau and a rising stress beyond average dis-
placement of about 30%. In this direction the somewhat ﬂattened
cells are easier to collapse. A related observation is that the re-
sponse is smoother with fewer and smaller amplitude undulations,
again a feature shared with the experimental results. Included in
Fig. 13 are two representative experimental responses. They are
seen to agree quite well with the calculated response except that
once more the numerical one is somewhat softer in the densiﬁca-
tion regime d2/H2 > 60%.
The crushing conﬁgurations exhibit once again localized crush-
ing bands with a relief across the width and depth of the domain
(see upper middle in r in Fig. 14). Between conﬁgurations s–u
Fig. 14. Sequence of deformed conﬁgurations corresponding to points –v marked on the response shown in Fig. 13.
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domain. Intact cells in the upper and lower edges of the domain re-
quire additional stress in order to collapse due to the support pro-
vided by the rigid planes. Consequently, for d2/H2 > 20% the stress
starts to gradually increase and by conﬁguration v most of the
cells have collapsed. Crushing of remaining ‘‘hard’’ spots requires
a further increase in stress as the material enters now the densiﬁed
regime.
5. Summary and conclusions
This paper is a new installment on our work connecting the
microstructure to the mechanical properties of cellular materials.
The present effort focused on establishing the effect that the ran-
domness of the cellular microstructure has on the complete crush-
ing response of Al-alloy open-cell foams analyzed and tested in
JKK08 and JK09a. Exploiting the nearly monodisperse nature of
the class of foams analyzed, JK09b showed the all mechanical prop-
erties starting from the elastic moduli, the strength, the level of the
stress plateau and its extent could be reproduced using a suitably
modiﬁed Kelvin cell microstructure. A weakness of such models is
that they cannot be applied to foams that exhibit polydispersity.
Furthermore, the localized crushing patterns that develop in such
regularized microstructures differ from those seen in actual foams.
The present work overcame the limitations of the Kelvin cell
models by considering truly random foam microstructures gener-
ated using the Surface Evolver software. Both the experiments
and the modeling involve crushing of ﬁnite size rectangular blocks
with free lateral sides. For the response of such blocks to be repre-
sentative of bulk material they have to be large enough. The
requirement that the models be large, in turn dictates that the lig-
aments be modeled as beams. Thus, the model starts as a random
soap froth with N3 cells. The ligaments are dressed with straight
beams with non-uniform cross sections that mimic measurements
made on actual foam ligaments. The models are assigned the den-
sity and anisotropy of the actual foams and the elasto-plastic prop-
erties of the Al-alloy base material. The microstructure is
discretized with ﬁnite elements using LS-DYNA, which allows for
beam-to-beam contact on the outer surface of the ligaments. Thelatter is an essential feature for locally limiting the extent to which
collapsing cells can deform and thus enabling the spreading of
crushing to neighboring cells.
Cubical models of several sizes were crushed between rigid sur-
faces. Because the lateral sides of the models are free, the solution
can be inﬂuenced by the size of the domain. Parametric studies
showed that the calculated response converges at a model size of
103 cells. The resultant rise direction stress–displacement response
reproduces experimental ones in all respects. Following a load
maximum, localized cell crushing nucleates at the weakest sites.
The crushing develops into a band with a 3-D relief across the
model that replicates experimental observations made using X-
ray tomography in JK09a. Contact between ligaments of crushed
cells arrests local deformation causing crushing to spread to neigh-
boring cells. In this way crushing spreads throughout the model
while the stress remains relatively unchanged. As the crushing
fronts approach the top and bottom planes, the stress gradually in-
creases because of the stiffening effect provided by the rigid sur-
faces. Thus, the end cells crush last. Continued loading beyond
this point requires an increase in stress that further compacts the
already signiﬁcantly densiﬁed microstructure. These events and
the associated crushing patterns mimic well corresponding exper-
imental ones. Coulomb friction between contacting ligaments was
found to have a stabilizing effect on the numerical solution.
Crushing the model in the transverse direction results in a sim-
ilar behavior but at an overall lower stress level. The simulations
are once again in good agreement with experimental results.
The success in all aspects of the modeling framework developed
bodes well for its future use in polydisperse foams, a goal of this
investigation. An issue that may require further attention in such
efforts is the variation of the cross sectional area of the ligaments
with length. The division of the ligaments into just two length
groups adopted here may be too restrictive.
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